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7 r\ new e f f i c i e n t  r e l a x a t i o n  scheme i n  c o n j u n c t i o n  w i t h  a m u l t i g r i d  method 

t r a l  d i f f e r e n c e  scheme and does n o t  need f l u x  s p l i t t i n g  f o r  Newton i t e r a t i o n .  
. .  App!!cat!on t o  transonic f l o w  shows t h a t  t h e  new method surpasses t h e  pe r fo rm 
ance o f  t h e  LU i m p l i c i t  scheme. 

I i s  developed f o r  t h e  E u l e r  equat ions.  The LU-SSOR scheme i s  based on a cen- 

INTRODUCTION _____ 

Recent ly  seve ra l  i m p l i c i t  schemes have been s u c c e s s f u l l y  developed i n  
c o n j u n c t i o n  w i t h  a m u l t i g r i d  method f o r  steady s t a t e  s o l u t i o n  o f  t h e  unsteady 
E u l e r  equat ions ( r e f s .  1 t o  3 ) .  Although t h e  a l t e r n a t i n g  d i r e c t i o n  i m p l i c i t  
scheme c o u l d  be improved t o  achieve the expected e f f i c i e n c y  o f  t h e  m u l t i g r i d  
method i n  two-dimensions ( r e f .  1 ) .  i t s  i n h e r e n t  l i m i t a t i o n s  i n  th ree -d imens ions  
suggested a l t e r n a t i v e  approaches ( r e f .  2 ) .  An a l t e r n a t i v e  i m p l i c i t  scheme 
which i s  s t a b l e  i n  any number o f  space dimensions was based on I-U f a c t o r i z a  
t i o n .  The LU i m p l i c i t  scheme was proved t o  be r o b u s t  and e f f i c i e n t  f o r  h i g h  
Mach number f l ows  as w e l l  as t ranson ic  f l o w s  ( r e f .  4 ) .  I t  was a l s o  shown t h a t  
;I symmetric Gauss-Seide! r e l a x a t i o r ~  method f o r  so lv in :  t h e  u p f a c t o r e d  i m p l i c i t  
scheme was a v a r i a t i o n  o f  t h e  LU i m p l i c i t  scheme. 

The Newton i t e r a t i o n  method has been a s u b j e c t  o f  i n v e s t i g a t i o n  f o r  so lu -  
t i o n  o f  t h e  steady Eu le r  equat ions ( r e f s .  5 t o  7 ) .  Because o f  t h e  r a p i d  
growth o f  t h e  o p e r a t i o n  count w i t h  t h e  number o f  mesh c e l l s ,  t h e  system was 
so l ved  i n d i r e c t l y .  Jespersen ( r e f .  5 )  and Hemker and S p e k r e i j s e  ( r e f .  6 )  used 
t h e  symmetric Gauss-Seidel method wh i l e  MacCormack ( r e f .  7 )  a p p l i e d  t h e  l i n e  
Gauss-Seidel method t o  t h e  Navier-Stokes equa t ions .  I n  t h i s  paper an e f f i c i e n t  
r e l a x a t i o n  scheme i n  c o n j u n c t i o n  w i t h  a m u l t i g r i d  method I s  developed f o r  
approximate Newton i t e r a t i o n .  The new LU-SSOR scheme needs s c a l a r  d iagona l  
i n v e r s i o n s  w h i l e  t h e  Gauss-Seidel method o r  t h e  LU i m p l i c i t  scheme r e q u i r e  
b l o c k  m a t r i x  i n v e r s i o n s .  I t  i s  d e s i r a b l e  t h a t  t h e  m a t r i x  should be d i a g o n a l l y  
dominant t o  assure t h e  convergence of a r e l a x a t i o n  method. The new method 
based on a c e n t r a l  d i f f e r e n c e  scheme achieves t h i s  w i t h o u t  f l u x  s p l i t t i n g  which 
s u b s t a n t i a l l y  i nc reases  t h e  computat ional  work per  c y c l e .  
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GOVERNING EQUATIONS -- 

The E u l e r  equat ions a r e  ob ta ined  f rom t h e  Nav ie r -S tokes  equa t ions  by 
n e g l e c t i n g  v iscous terms. L e t  p ,  u, v, E, H, and p be t h e  d e n s i t y ,  Car- 
t e s i a n  v e l o c i t y  components, t o t a l  energy, t o t a l  en tha lpy ,  and pressure,  and l e t  
x and y be Car tes ian coo rd ina tes .  Then f o r  a two-d imensional  f l o w  these 
equat ions can be w r i t t e n  as 

-- a w t g f &  = o  a t  ax ay 

where W i s  t he  vec to r  o f  dependent v a r i a b l e s ,  and F and G a r e  c o n v e c t i v e  
f l u x  v e c t o r s  

The p ressu re  i s  obta ined f rom t h e  equa t ion  o f  s t a t e  

l h e s e  equa t ions  a re  t o  be so lved f o r  a steady s t a t e  aW/at  = 0 where t 
denotes t ime .  

- S E M I - D I S C R E T E  __ F I N I T €  - - - VOLUME _- . - MF_lH&D 

A convenient way t o  assure a steady s t a t e  s o l u t i o n  independent o f  t he  t i m e  
s tep  i s  t o  separate t h e  space and t ime  d i s c r e t i z a t i o n  procedures.  I n  s e m i -  
d i s c r e t e  f i n i t e  volume method one begins by a p p l y i n g  a s e m i - d i s c r e t i z a t i o n  
i n  which o n l y  the s p a t i a l  d e r i v a t i v e s  a r e  approximated. The use o f  a f i n i t e  
volume method f o r  space d i s c r e t i z a t i o n  a l l o w s  one t o  handle a r b i t r a r y  geom- 
e t r i e s  and helps one t o  a v o i d  problems w i t h  m e t r i c  s i n g u l a r i t i e s  t h a t  a r e  
u s u a l l y  assoc iated w i t h  f i n i t e  d i f f e r e n c e  methods. The scheme reduces t o  a 
c e n t r a l  d i f f e r e n c e  scheme on a C a r t e s i a n  g r i d ,  and i s  second o rde r  a c c u r a t e  i n  
space p r o v i d e d  t h a t  t h e  mesh i s  smooth enough. I t  a l s o  has t h e  p r o p e r t y  t h a t  
u n i f o r m  f l o w  i s  an exact  s o l u t i o n  o f  t h e  d i f f e r e n c e  equa t ions .  

NONLINEAR ADAPTIVE D I S S I P A T I O N  

I n  t y p i c a l  c a l c u l a t i o n  of  f l o w  w i t h  d i s c o n t i n u i t i e s  by a c e n t r a l  d i f f e r -  
ence scheme, wiggles appear i n  t h e  neighborhood o f  shock waves where p ressu re  
g r a d i e n t  i s  severe. I n  o r d e r  t o  suppress t h e  tendency f o r  spu r ious  odd and 
even p o i n t  o s c i l l a t i o n s ,  and t o  p reven t  u n s i g h t l y  overshoots near shock waves, 
t h e  scheme i s  augmented by a r t i f i c i a l  d i s s i p a t i v e  terms. 
which i s  cons t ruc ted  so t h a t  i t  i s  of t h i r d  o r d e r  i n  smooth reg ions  of t h e  
f l ow ,  i s  e x p l i c i t l y  added t o  t h e  r e s i d u a l .  For t h e  d e n s i t y  equa t ion ,  f o r  
example, t h e  d i s s i p a t i o n  has t h e  fo rm 

The d i s s i p a t i v e  term, 
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where 

L e t  S be t h e  c e l l  area which i s  e q u i v a l e n t  t o  the  i n v e r s e  of t h e  de te rm inan t  
o f  t r a n s f o r m a t i o n  Jacobian. Both c o e f f i c i e n t s  i n c l u d e  a n o r r n a l i - '  g f a c t o r  

i s  ' i t l / z , j / ~ t  p r o p o r t i o n a l  t o  t h e  l e n g t h  o f  t he  c e l l  s i de ,  and E ~ + , / ~ , ~  fU 
a l s o  made p r o p o r t i o n a l  t o  t h e  normal ized second d i f f e r e n c e  of t he  p ressu re  

i n  the  ad jacen t  c e l l s .  The t h i r d  order t e r m s  p r o v i d e  background damping o f  
h i g h  f requency modes. l h e  f i r s t  order  terms a r e  needed t o  c o n t r o l  o s c i l l a t i o n s  
i n  t h e  neighborhood o f  shock waves, and a r e  tu rned  on by sensing s t r o n g  pres 
sure g r a d i e n t s  i n  t h e  f l o w .  The d i s s i p a t i v e  t e r m s  f o r  t h e  o t h e r  equa t ions  a re  
c o n s t r u c t e d  f r o m  s i m i l a r  formulas w i t h  t h e  e x c e p t i o n  o f  t h e  energy equa t ion  
where t h e  d i f f e r e n c e s  a r e  of p H  r a t h e r  than pE. The purpose o f  t h i s  i s  t o  
a l l o w  a steady s t a t e  s o l u t i o n  f o r  which H remains c o n s t a n t .  I n c r e a s i n g  the  
amount o f  a r t i f i c i a l  v i s c o s i t y  improves the  r a t e  o f  convergence a l t h o u g h  too 
much d i s s i p a t i o n  can h u r t  i t .  However, i t  i s  d e s i r a b l e  t o  make t h e  amount be 
as smal l  as p o s s i b l e  i n  o r d e r  n o t  t o  degrade the  accuracy o f  r o l u t i o n .  ' l y p i c a l  
amount o f  t h e  t h i r d  o r d e r  terms i s  almost n e g l i g i b l e  when compared t o  t h e  
p h y s i c a l  v i s c o s i t y .  

. LU- -- SSOR SCjiEMt 

A p r o t o t y p e  i m p l i c i t  scheme f o r  a system o f  nonl ' lnear h y p e r b o l i c  equat ions 
such as t h e  Eu le r  equat ions can be formulated a s  

w n t l  = Wn - I3 At(DxF(Wntl) t D Y G(Wnt+')) - ( 1 - D )  At(DxF(Wn) t OYG(Wn)) ( 6 )  

where D, and D y  a r e  d i f f e r e n c e  operators  t h a t  approximate a /ax  and 
a/ay. Here n denotes t h e  t ime  l e v e l .  I n  t h i s  fo rm t h e  scheme i s  too experi 
s i v e ,  s i n c e  i t  c a l l s  f o r  t h e  s o l u t i o n  of coupled n o n l i n e a r  equa t ions  a t  each 
t ime s tep .  L e t  t h e  Jacobian m a t r i c e s  be 

and l e t  the c o r r e c t i o n  be 
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The scheme can be l i n e a r i z e d  by s e t t i n g  

F(W"1) = F(Wn) t AdW t 0(IlbW112) 

G(Wntl) = G(Wn) t BbW t O(llbW112) 

and dropping terms o f  t h e  second and h i g h e r  o r d e r .  

T h i s  y i e l d s  

[ I  t I3 A t ( D x A  + DyB)]dW + A t  R = 0 

where R I s  t h e  r e s i d u a l  

R = DxF(Wn) t DyG(Wn) 

I f  I3 = 1 /2 t h e  scheme remalns second o rde r  accu ra te  i n  t ime,  w h i l e  f o r  o t h e r  
va lues o f  0 the t i m e  accuracy drops t o  f i r s t  o r d e r .  

The unfactored i m p l i c i t  scheme equa t ion  ( 8 )  produces a l a r g e  b l o c k  banded 
m a t r i x  which i s  very c o s t l y  t o  i n v e r t  and r e q u i r e s  huge storage.  I F  R = 1 the 
scheme reduces t o  a Newton I t e r a t i o n  i n  t h e  l i m i t  A t  -'a. 

( D X A  t DyB)dW + R = 0 ( 9 )  

A d i a g o n a l l y  dominant form o f  equa t ion  ( 9 )  

- t  t -  t 
(DxA t D x A  t D-6 t D t 6 - )  bW t R = 0 

Y Y 

can be w r i t t e n  as 

bW t B- dW - B - d W  + R  = O  ( 
t t 

'ijdWij - Bi,j-l i , j - 1  i , j t 1  i , j t 1  i j  i j  i j  

By s i m u l a t i n g  i t  w i t h  backward and forward r e l a x a t i o n  sweeps, we o b t a i n  the 
symmetric successlve o v e r - r e l a x a t i o n  (SSOH) method, which can be w r i t t e n  i n  
s teps as 

wo 

(12 )  
f o l  lowed by 

t * t 
t (B i j  - B;.)dWij 

1.J 
bW 

t 

( A i j  - A;j)dwij AI-l,j i - l , j t  A l , l , j d W i t l , j  

4 



and D+ a r e  
Y 

where DX and D- . a r e  backward d i f f e r e n c e  opera to rs  and 0: 
f o rward  d i f f e r e n c e  opera to rs .  Here, t w o - p o i n t  o p e r a t o r s  a r e  used f o r  steady 
f l o w  c a l c u l a t i o n s .  At ,  A- ,  Bt, and B- a r e  c o n s t r u c t e d  so  t h a t  t h e  
e igenvalues o f  ''+I' m a t r i c e s  a r e  non-nega t i ve  and those o f  'I-'' m a t r i c e s  a r e  
n o n - p o s i t i v e .  

Y 

t 1 A = ( A  t rAI),  A- = ( A  - rAI)  

t 1  1 
2 2 B = - ( B  + rBI), B- = - ( B  - r B I )  

where 

Here, ?LA and AB rep resen t  eigenvalues o f  Jacobian m a t r i c e s .  
S u b t r a c t  equa t ion  ( 1 2 )  f rom equa t ion  ( 1 3 )  t o  g e t  

t t t 
t (Bij - B' ) & W  + 

( A i j  - A- i j  ) dW i j  - ' i - 1 , j  " i - 1 , j  i j  i j  ',,j-1 " i . j - 1  

* t * t 
- 0- ) & W  = (Aij - A: 1.l  )&W i j  + (Uij i j  15 

l h i s  may be w r i t t e n  as 

* t 
(D;A+ t D-B+ - A- - B - )  6w = ( A +  t B - A -  - B - )  6w 

Y 

where 

* - 1  
dw = (D:A- t D+B- t A +  t 6') ( -  R )  ,. Y 

I f  we t a k e  II+II and II-II m a t r i c e s  as g iven i n  equa t ion  ( 1 4 ) .  then 

+ t A - A - = r I , B  - B - = r l  A B 

Thus equa t ion  (17 )  becomes t h e  LU- 

(D;A+ t D;B' - A- - B - )  ((A- t 

lhe e q u a t i o n  ( 1 9 )  can be i n v e r t e d  

SSOR scheme f o r  approximate Newton i t e r a t i o n  

D'B- + A +  t 8') dw = - (rn t r B )  R (19 )  Y 

i n  two s teps.  

I n  o rde r  t o  adapt t h e  LU-SSOR scheme for a m u l t i g r i d  a l g o r i t h m ,  a u x i l i a r y  
meshes a r e  i n t r o d u c e d  by d o u b l i n g  the mesh spacing. Values o f  t h e  Flow v a r i -  
a b l e s  a r e  t r a n s f e r r e d  t o  a coa rse r  g r i d  by t h e  r u l e  

5 



0 
Ishuh 

2h - S2h 

where t h e  s u b s c r i p t s  denote values o f  t h e  mesh spacing parameter,  S i s  t h e  
c e l l  area, and the sum ' I S  over t h e  f o u r  c e l l s  on t h e  f i n e  g r i d  composing each 
c e l l  on t h e  coarser g r i d .  The r u l e  conserves mass, momentum, and energy.  The 
s o l u t i o n  on a coarse g r i d  i s  updated as f o l l o w s .  

( 1 )  C a l c u l a t e  t h e  c o r r e c t i o n  and update t h e  s o l u t i o n  on t h e  f i n e  g r i d  
( 2 )  T rans fe r  t h e  va lues o f  t h e  v a r i a b l e s  t o  t h e  coarse g r i d  
( 3 )  C o l l e c t  t h e  r e s i d u a l  on t h e  f i n e  g r i d  f o r  t h e  coarse g r i d .  A f o r c i n g  

f u n c t i o n  i s  then d e f i n e d  as 

where R i s  t he  r e s i d u a l .  S u p e r s c r i p t s  c and t mean t h e  c o l l e c t e d  and the 
t r a n s f e r r e d  values r e s p e c t i v e l y .  The r e s i d u a l  on t h e  coarse g r i d  i s  g i v e n  by 

( 4 )  Ca lcu la te  t h e  c o r r e c t i o n  and update t h e  s o l u t i o n  on t h e  coarse g r i d .  

For t h e  n e x t  coarser g r i d  t h e  r e s i d u a l  i s  r e c a l c u l a t e d  as 

S i m i l a r l y ,  t h e  r e s i d u a l  f o r  t h e  n e x t  g r i d  i s  

where t h e  s u p e r s c r i p t  u means t h e  updated va lue .  On t h e  f i r s t  coarse g r i d ,  

R2h 
g r i d  i s  d r i v e n  by t h e  r e s i d u a l s  on t h e  f i n e  g r i d .  The e v o l u t i o n  on t h e  nex t  
coarser  g r i d  i s  d r i v e n  by an e s t i m a t e  o f  what t h e  f i n e  g r i d  r e s i d u a l s  would 
have been as a r e s u l t  o f  t h e  c o r r e c t i o n  on t h e  f i r s t  coarse g r i d .  l h e  process 
i s  repeated on success i ve l y  coarser  g r i d s .  

i s  rep laced by I R i  w i t h  t h e  r e s u l t  t h a t  t h e  e v o l u t i o n  on t h e  coarse 

( 5 )  F i n a l l y ,  t h e  c o r r e c t i o n  c a l c u l a t e d  on each g r i d  i s  passed back t o  the  
n e x t  f i n e r  g r i d  by b i l i n e a r  i n t e r p o l a t i o n .  

S ince t h e  e v o l u t i o n  on a coarse g r i d  i s  d r i v e n  by r e s i d u a l s  c o l l e c t e d  f rom 
t h e  n e x t  f i n e r  g r i d ,  t h e  f i n a l  s o l u t i o n  on t h e  f i n e  g r i d  i s  independent of  the 
cho ice  o f  boundary c o n d i t i o n s  on t h e  coarse g r i d s .  The s u r f a c e  boundary con- 
d i t i o n  i s  t r e a t e d  i n  t h e  same way on every g r i d ,  by u s i n g  t h e  normal p ressu re  
g r a d i e n t  t o  e x t r a p o l a t e  t h e  su r face  p ressu re  from t h e  p ressu re  i n  t h e  c e l l s  
ad jacen t  t o  t h e  w a l l .  Values a r e  e x t r a p o l a t e d  t o  t h e  f i c t i t i o u s  c e l l s  i n s i d e  
the  body su r face  f o r  t h e  second d i f f e r e n c e  d i s s i p a t i o n  on t h e  coarse g r i d s .  
l h e  f a r  f i e l d  c o n d i t i o n s  can e i t h e r  be t r a n s f e r r e d  f rom t h e  f i n e  g r i d ,  o r  
r e c a l c u l a t e d .  
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RESULTS -.I_ 

The new LU-SSOR scheme i n  c o n j u n c t i o n  w i t h  a m u l t i g r i d  method i s  a p p l i e d  
t o  t r a n s o n l c  a i r f o i l  c a l c u l a t i o n .  The t e s t  case i s  t h e  NACA 0012 a i r f o i l  a t  
Mach 0.8 and 1.25' ang le  o f  a t t a c k .  F igures 1 and 2 show t h e  p l o t  o f  Mach 
number con tou rs  and t h e  su r face  pressure d i s t r i b u t i o n  r e s p e c t i v e l y .  These 
s o l u t i o n s  a r e  ob ta ined  on a 128 by 32 C-mesh. The convergence h i s t o r i e s  a r e  
shown i n  f i g u r e s  4 and 6. A f o u r - l e v e l  m u l t i g r i d  i s  used w i t h o u t  g r i d  
sequencing. The l i f t  h i s t o r y  i s  shown i n  f i g u r e  4 w h i l e  t h e  dens' l ty r e s i d u a l  
i s  shown i n  f i g u r e  6. The r e s u l t s  obtained by t h e  LU i m p l i c i t  scheme a r e  p r e -  
sented i n  f i g u r e s  3 and 5 f o r  comparison. A s  t h e  r e s u l t s  show, t h e  convergence 
r a t e  o f  t h e  LU-SSOR scheme i s  about 30 pe rcen t  f a s t e r  t han  t h a t  o f  t h e  LU 
i m p l i c i t  scheme. Moreover, t h e  computat ional  work f o r  t h e  LU SSOR scheme i s  
about 30 pe rcen t  l e s s  than t h a t  f o r  the LU i m p l i c i t  scheme. The o v e r a l l  com- 
p u t a t i o n a l  work i s  reduced by a f a c t o r  o f  two. The convergence f o r  t h e  e n g i -  
n e e r i n g  accuracy i s  u s u a l l y  achieved i n  l e s s  than 10 CPU seconds w i t h  t h e  Cray 
XMP computer. 
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FIGURE 1. - MACH NUMBER CONTOURS FOR TRANSONIC FLOW, MACH 0.8 AND 1.25' 
ANGLE OF ATTACK. 
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FIGURE 2. - SURFACE PRESSURE DISTRIBUTION. 
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FIGURE 3. - LIFT HISTORY (Lu I M P L I C I T  SCHEME). 
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FIGURE 4. - LIFT HISTORY (PRESENT METHOD). 
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FIGURE 6. - CONVERGENCE HISTORY (PRESENT METHOD). 
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